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Relative accuracy of numerical quadrature rules when applied to the 
simulation of underground petroleum reservoirs by means of the finite 
element method is investigated. Fluid flow within the reservoir is calcu- 
lated via the finite element method and the resulting deformation by the 
nucleus of strain technique. By analysing a simple problem it was found 
that the solution method was susceptible to changes in numerical quadra- 
ture for reservoirs that were positioned near the ground surface and that 
care is required when solving such problems due to the singularities occur- 
ring in the integrands which appear in the nucleus of strain approach. 
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Introduction 
Production of hydrocarbons from underground reservoirs 
is often accompanied by ground subsidence at the surface. 
This phenomenon occurs due to a decrease in the pore fluid 
pressure within the reservoir rock with a commensurate 
increase in effective stress. The resulting deformations can 
be potentially serious, as evidenced at Long Beach, 
Groningen and Ravenna. 
There are many methods available for investigating this 
phenomenon but two main types of effective numerical 
simulators can be identified. The first type of simula- 
tor has been described in previous publications by one 
of the present authors; in it a fully coupled finite 
element consolidation program based on the Biot theory 
is utilized for solving subsidence problems caused by the 
extraction of underground fluids.‘-’ This model has all 
the usual advantages of the finite element technique in 
that it is easily applicable to real stratigraphics, admits 
several source points or pools, and takes into account 
linear, nonlinear elastic and elastoplastic constitutive 
relationships. 
The second type of simulator examines the subsidence in 
terms of reservoir compaction alone, in which case the 
influence of an isolated volume of reduced pore pressure 
in a porous linearly elastic half-space is studied. The inter- 
action between the shrinking inclusion and the surround- 
ings is determined using the theo;y of poroelasticity and 
the nucleus-of-strain concept.‘jd8 Recently’ the authors 
adopted this approach, with the local compaction distribu- 
tion in a multiphase reservoir being obtained by means of 
a finite element based reservoir simulator. In this note we 
consider this approach further and show, by considering 
a simple problem, how the accuracy of the resulting sur- 
face settlement predictions is strongly dependent on the 
numerical quadrature rule which is employed over the 
finite elements representing the reservoir. 
The concept of a nucleus of strain 
In the classical theory of elasticity a localized change in 
volumetric strain is termed a ‘centre of dilatation’ but when 
the dilatation is caused by variation in another material 
property, such as the temperature or the pressure, the 
phenomenon is renamed a ‘nucleus of strain’. 
Let Q be the semi-infinite region {(x, y, z): x, y E R, 
z E R > 0} and consider a nucleus of strain in an element 
of volume da surrounding a point C with coordinates 
(0, 0, c) and produced by a pressure variation p. By the 
pororelastic analogy10-15 the displacements at any point 
x E a (X # C) due to this nucleus are then: 
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W- 
+ 4v(z + c) - (z + 3c) 
R: 
(3) 
where S2Pce) is the prototype of element e positioned at the 
origin and det J,(t) is the determinant of the Jacobian of 
the transform from the prototype element to element e. 
Since the integral in equation (9) is taken across a region 
that has been discretized by the finite element method 
there are already well established methods for calculating it 
numerically. 16,17 However, the nature of the integrand 
is not the same as those usually encountered in finite ele- 
ment analysis and we shall see that some care needs to be 
taken over the choice of quadrature rule. 
where the uniaxial compaction coefficient, C,, is given by: 
c =(l-ml-24 
m 
2G( 1 - u) 
(4) 
(5) 
Here u and G denote respectively the Poisson’s ratio and 
shear modulus for the region fi and fl is the ratio between 
the rock matrix and the rock bulk compressibility. 
Suppose now that the pressure variation is confined to 
a subregion s2, of iI. This subregion is normally bounded 
and is introduced to model the reservoir in which multi- 
phase fluid flow occurs with a resulting pressure variation. 
By considering the flow of the fluids in s2, the pressure 
field throughout the region may be calculated numerically 
as a function of space and time. Now writing: 
pu” da = (u, o, w)~ (6) 
we have that the displacement at any instant at the point 
x is given by: 
u(x) = p(x’)u*(x,x’) dfi(x’) (7) 
nf 
It should be noted that the point x at which the displace- 
ment is being measured may be taken anywhere in the half- 
space fl and is thus not confined to the immediate vicinity 
of the pressure variation. The function u*(x, x’) is the 
Green’s function of the problem linking a nucleus of strain 
at x’ with the displacement at x. 
Calculating the subsidence 
It is now possible to calculate the vertical size and hori- 
zontal extent of the subsidence bowl due to. the compaction 
of a given subsurface reservoir. The reservoir flow is 
modelled by the finite element method’ and the integral 
of equation (7) is evaluated over the region where this 
finite element analysis has been carried out. Consequently 
if ate represents element e (e = 1, . . . , A): 
u(x) = 5 N ~(8 u*(x> 8 dfiY.9 (8) e=l 
CzLe 
where t is the local coordinate within the element and thus: 
p(W*(x, 8 detJ&) dfip@)(E) (9) 
Test problem 
In order to examine its numerical performance, the pro- 
posed solution method is applied to a problem involving a 
disc-shaped reservoir of unit thickness, radius R and buried 
at a depth c as shown in Figure 1. By assuming a uniform 
unit pressure drop in such a reservoir, Geertsma14 has 
shown how the integration in equation (7) may be per- 
formed analytically in terms of Hankel integrals of the first 
kind.” For present purposes these integrals were evaluated 
using Gauss-Laguerre quadrature and typical results for the 
surface settlement are shown in Figure 2. It was found that 
the number, IZ, of integrand sampling points required to 
figure 7 Test problem 
F 
u 
\ 
2 c/R= 0.5 
“‘t/R= 0.d 
Figure 2 Exact solution for surface settlement 
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Figure 3 Finite element meshes 
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Figure 4 Numerically predicted settlements using meshes 
given in Figure 3 
produce an accurate solution increased with decreasing 
c/R and for the case c/R = 0.25 a value of n = 48 was 
employed. 
The direct numerical solution of this problem, using the 
method described in the preceding sections, is attempted 
with the circular region C$viewed in plan and a unit 
pressure drop applied for all points in !$. 
When a coarse discretization of !$ into four quadri- 
lateral elements was used (Figure 3~) the surface settle- 
ments U, at z = 0 were seen to vary significantly from the 
analytical results. Typical settlement profiles are shown in 
Figure 4 in a non-dimensionalized form together with the 
corresponding result for the mesh of eight triangles shown 
in Figure 3b. Incorrect pressure prediction in space over C$ 
can be discounted as a cause of these errors for this particu- 
lar problem although this will not be the case in any 
practical application of the method. It is significant that the 
two numerical results vary markedly from one another as 
well as from the analytical solution. It is thus the kernel 
function U* of the integral that is behaving badly (it has a 
multiple singularity as x -+x’ in Figure I) and is therefore 
causing the numerical integration difficulties. The problem 
of the modelling of u*(x, 0 in equation (9) by the orthogo- 
nal Legendre polynomials used in the numerical integration 
analysis is one of approximation theory and is not covered 
in this study. It is known, however, that Legendre poly- 
nomials provide poor approximations to singular functions 
in the region of the singularity and this fact serves to ex- 
plain the improvement of the results for surface settlement 
prediction with increasing reservoir depth. 
It can be seen from Figure 4 that the methods normally 
used for integration over finite element domains C$ are 
Figure 5 Refined mesh 
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Figure 6 Comparison of performance of different integration 
rules using mesh given in Figure 5 
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insufficiently accurate for the evaluation of u(x). The 
accuracy may be improved by either a refinement of the 
mesh or an increase in the sampling point density. The 
mesh refinement shown in Figure 5 brought about a signifi- 
cant improvement in the modelling of the surface settle- 
ments. This improvement can be seen in Figure 6. When 
analysing the integration rules used in the calculation of u 
no optimal integration rule was found but the more expen- 
sive integration methods produce smaller errors in the L, 
norm. The various sampling point densities used on these 
triangular elements are shown in Figure 7. If h is a 
measure of the mesh size then the seven- and nine-point 
quadrature rules are both accurate to O(h5). In terms of 
their L, errors there is very little difference between them 
and if the user is prepared to accept the degree of accuracy 
they provide then the seven-point rule is obviously the 
more efficient of the two. The higher order integration 
rules of 12 and 13 sampling points per element are O(h6) 
and 0(h7) accurate respectively. On this test problem with 
c/R = 0.225 the higher order rules increased the accuracy 
of the surface settlement results but with a corresponding 
increase in computing cost. The improvement in modelling 
for a given integration method with depth was to be seen 
in the finite element formulation as well as in the calcula- 
tion of the standard solutions. The seven-point quadrature 
rule produced increasingly accurate solutions as the ratio 
c/R was increased. This rendered the use of the higher order 
methods unnecessary for depths of c/rZ > 0.7, unless severe 
accuracy criteria were demanded of the method. 
7 - point 
--5 
9 -point 
12- pomt 13 - point 
All elements mapped to Rp 
Figure 7 Distribution of integration sampling points 
Conclusions 
The behaviour of a computational simulator for calculating 
ground surface settlement above compacting multiphase 
reservoirs has been investigated. The simulator combines a 
finite element analysis of the flow within the reservoir with 
the deformation analysed by the nucleus of strain tech- 
nique. By analysing a simple problem it was found that the 
solution method was susceptible to changes in numerical 
quadrature for reservoirs that were positioned near the 
ground surface and that care is required when solving such 
problems due to the singularities occurring in the integrands 
which appear in the nuclear of strain approach. 
Acknowledgement 
The study presented here forms part of a research project 
supported by the UK Department of Energy at the Univer- 
sity College of Swansea. Their financial support is gratefully 
acknowledged by the authors. 
References 
1 
2 
3 
4 
5 
6 
I 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
Lewis, R. W. and Schrefler, B. A. ‘A fully coupled consolida- 
tion model of the subsidence of Venice’, Water Resour. Res. 
1978,14,223 
Schrefler, B. A., Lewis. R. W. and Norris, V. A. ‘A case study 
of the surface subsidence of the Polesine area’,lnr. J. Numer, 
Anal. Methods Geomech. 1971, 1, 317 
Lewis, R. W., Roberts, G. and Zienkiewicz, 0. C. ‘A non-linear 
flow and deformation analysis of consolidation problems’, 
Proc. 1st Int. Conf. on Num. Meth. in Geomechanics, 
Blacksburg, Virginia, USA, June 1976, pp. 1106-1118 
Lewis, R. W. and Schrefler, B. A. ‘A finite element analysis of 
surface subsidence’. Conference Proc. on ‘Evaluation and 
reduction of subsidence’, pp. 400-416, published by Amer. 
Sot. of Civil Eng., 1979 
Schrefler, B. A., Lewis, R. W. and Majorana, C. ‘Subsidence 
above volumetric and waterdrive gas reservoirs’, Int. J. for 
Num. Meth. in Fluids 1981, l(2), 101 
Geertsma, J. ‘Land subsidence above compacting oil and gas 
reservoirs’,J. Petrol. Technol. 1973, 226, 734 
Geertsma, J. ‘Problems of rock mechanics in petroleum pro- 
duction engineering’, Proc. 1st Conf. Int. Sot. Rock 
Mech. Vol. 1, pp. 585-594, Lisbon, 1966 
Finol, A. and Farouq Ali, S. M. ‘Numerical simulation of oil 
production with simultaneous ground subsistence’, S.P.E.J. 
1975,15,411 
White, I. R., Lewis, R. W. and Morgan, K. ‘The numerical 
modelling of subsidence above compacting reservoirs by a 
nucleus of strain approach’, Dept. Civil Engineering Report, 
Swansea, 1982 
Aen, B. ‘Note on the stresses produced by nuclei of thermo- 
elastic strain in a semi-infinite elastic solid’, Q. J. Appl. Maths 
1951,8 (4), 365 
Goodier, J. N. ‘On the ontegration of the thermoelastic equa- 
tions’,Phil. Mag. 1937,23 (157), 1017 
Mindlin, R. D. and Cheng, D. H. ‘Nuclei of strain in a semi- 
infinite solid’,J. Appl. Phys. 1950, 21 (9), 926 
Mindlin, R. D. and Cheng, D. H. ‘Thermoelastic stress in the 
semi-infinite soIid’,J. Appl. Phys. 1950,21 (9), 931 
Geertsma, J. ‘A basic theory of subsidence due to reservoir 
compaction: the homogeneous case’, Verhandelingen Kon. 
Ned. Geol. Mijnbouwk. Gen. 1913,28,43 
Lubinska, A. ‘The theory of elasticity for porous bodies dis- 
playing a strong pore structure’, Proc. Second US Congress on 
Applied Mechanics, 1954,247 
Zienkiewicz, 0. C. ‘The finite element method’(3rd edn), 
McGraw-Hill, London, 1977 
Strang, G. and Fix, J. ‘An analysis of the finite element 
method’, Prentice Hall, Englewood Cliffs, 1973 
Eason, G. ‘On certain integrals of Lipschitz Hankel type 
involving products of Bessel functions’, Phil. Trans. Roy. 
Sot. of London 1955, A247,529 
422 Appl. Math. Modelling, 1983, Vol. 7, December 1983 
